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Section 1

Groups, composability, entropy



The axioms of Claude Shannon and Aleksandr J. Khinchin
Aleksandr J. Khinchin, Mathematical foundations of information theory (1957)

In the context of Information theory, Shannon and Khinchin introduced a set of
axioms for an entropy S[p] ≡ S(p1, . . . , pW ) to be a measure of information:

Shannon and Khinchin’s axioms

1 The function S[p] is continuous with respect to all its arguments.
2 The function S[p] is maximized by the uniform distribution

pi = W−1, ∀i.

3 Adding an impossible event to a probability distribution does not change the
value of its entropy (expansibility):

S(p1, . . . , pW , 0) ≡ S(p1, . . . , pW ).

4 Given two subsystems A and B of a statistical system,

S(A ∪ B) = S(A) + S(B|A) = S(B) + S(A|B).

If the subsystems are statistically independent the additivity property holds,

S(A ∪ B) = S(A) + S(B).



Is there life beyond the SK axioms?

It is well known that SK axioms allow one entropic form only, i.e., the

Boltzmann–Gibbs–Shannon entropy

SBG[p] = −k
W∑
i=1

pi ln pi, k > 0.

However, other entropies have been successfully introduced for the study of
complex systems, in particular to give an extensive quantity when the dimension of
the accessible phase space scales not exponentially in the size of the system. The
�rst three axioms seem to be indispensable for a meaningful entropy. We can think
about the additivity axiom.

How can we generalize the 4th SK axiom?



The composability axiom
Tempesta – Annals of Physics 365, pp. 180-197 (2016)

When composing two statistically independent subsystems A and B, we want that
the entropy of the composed system depends on the entropies S (A) and S (B) only,
and possibly a set of parameters η,

S(A ∪ B) = S(B ∪ A) = Φη [S (A) , S (B)] .

We also require that

S ((A ∪ B) ∪ C) = S (A ∪ (B ∪ C)) .

Finally, if S(B) = 0
S (A ∪ B) = S (A) .



The composability axiom
Tempesta – Annals of Physics 365, pp. 180-197 (2016)

We replaced therefore the 4th SK axiom with the composability axiom.

The composability axiom

An entropy S is composable if there is a continuous function Φη such that for two
statistically independent substystems of a system Ω,

S(A ∪ B) = Φη [S (A) , S (B)] . (1)

The function Φη must satisfy the following properties

Symmetry Φη[x, y] = Φη[y, x], (2)
Associativity Φη [x,Φη [y, z]] = Φη [Φη [x, y] , z] , (3)

Null-composability Φη[x, 0] = x. (4)



A useful paper?
Bochner – Annals of Mathematics 47, pp. 192-201 (1946)



Formal groups
Bochner – Annals of Mathematics 47, pp. 192-201 (1946)

The structure required by the composability axiom suggests that the theory of
formal groups can be adopted fruitfully to discuss composable entropies.

Commutative one dimensional formal group

Let R be a ring with identity and R[x, y] the ring of formal power series in the
variables x, y with coe�cients in R. A commutative one dimensional formal group
is a symmetric formal power series

Φ[x, y] = x + y + higher degree terms ∈ R[x, y]

such that

Φ[x, 0] = Φ[0, x] = x, Φ [x,Φ [y, z]] = Φ [Φ [x, y] , z] .



Lazard formal groups
Hazewinkel, Formal Groups and Applications (1978)

Lazard proved that the any one dimensional commutative group law can be
mapped into a Lazard formal group law

Φ[x, y] = G (F(x) + F(y)) .

Here we have introduced the formal group exponential,

F(t) :=
∞∑
k=0

fktk+1

k + 1
, f0 = 1,

over the ring Z[b1, b2, . . . ] of integral polynomials in in�nitely many variables, and
the formal group logarithm

G : G (F(t)) = t.

This means that the composition law of our entropy must be searched among the
Lazard group laws (in particular the ones having a series G convergent on the real
line).



Trace-form entropies
Tempesta – Proceedings of the Royal Society A 471:20150165 (2015).

Assuming a trace-form structure for our entropy, i.e.,

S[p] =
W∑
i=1

pis(pi),

Tempesta proved the following strong statement

Theorem
The only composable trace-form entropy is Tsallis’ entropy,

STq [p] :=
W∑
i=1

pi
1− pq−1

i

q − 1
≡

W∑
i=1

pi logq
1
pi
, q ≥ 0.

Boltzmann–Gibbs entropy is recovered as particular case in the q→ 1 limit.
The corresponding composition law and the group logarithm are given by

Φ[x, y] = x + y + (1− q)xy, G(t) =
e(1−q)t − 1

1− q
= logq e

t .



Trace-form entropies: what about the others?
Tempesta – Proceedings of the Royal Society A 471:20150165 (2015).

Many trace-form entropies have been proposed in the literature. The fact that they
are not composable does not imply that they are irrelevant. Many of them fall in
the large class of weakly composable entropies.

Weakly composable entropies

Entropies in the form

S[p] :=

W∑
i=1

piG
(

ln 1
pi

)
are weakly composable if the group properties hold only for uniform
distributions. For this class of entropies Φ[x, y] is constructed directly from G.

For example, the Kaniadakis entropy

SK
κ[p] :=

W∑
i=1

pi
p−κ
i − pκi

2κ
, κ ∈ R,

is weakly composable but not composable.



Non-trace-form entropies
Tempesta – arXiv:1507.07436

Non-trace-form entropies are however not excluded by this picture. For example,
the simplest group, the additive group

Φ[x, y] = x + y,

allows only one trace-form entropy (the Boltzmann–Gibbs entropy), but it is easily
seen that the Rényi entropy is composable as well,

SR
q [p] :=

1
1− q

ln

(
W∑
i=1

pqi

)
.

An entire family of composable non-trace-form entropies (the so-called Z-entropies)
have been introduced by Tempesta: the Rényi entropy is the most notorious
member of this family.



Information
Sicuro, Tempesta – Physical Review E 93, 040101(R) (2016)

An information measure can be associated to each composable entropy having a
composition law determined by a group exponential G ≡ F−1.

Generalized information measure

Let S be a composable entropy with group law generated by F. For a system A,
we say that the information measure is given by

I(A) := F (S(A)) .

The information measure I satis�es the following properties:

continuity;
maximum principle, i.e., it is maximised by the uniform distribution;

expansibility;
for two statistically independent systems,

I(A ∪ B) = I(A) + I(B).



Information: examples
Sicuro, Tempesta – Physical Review E 93, 040101(R) (2016)

Boltzmann–Gibbs entropy SBG Shannon information SBG

Tsallis entropy ST
q

Rényi entropy SR
q Rényi entropy SR

q

q→ 1

q→ 1 q→ 1

F(t) = t

F(t) = t

F(t) = ln(1+(1−q)t)
1−q

Haubold, Tsallis

EPL 110 (2015) 30005



Section 2

Einstein’s principle and composable entropies



One step backward: Einstein’s likelihood principle
Einstein – Annalen der Physik 33, pp. 1105-1115 (1910).

In order to be able to calculate W , one needs a complete theory of the
system under consideration. Given this kind of approach, it therefore
seems questionable whether Boltzmann’s principle by itself has any
meaning whatsoever. [...] That which appears to be completely law
governed in irreversible processes is to be attributed to the fact that the
probabilities of the individual states Z are of different orders of
magnitude, so that a given state Z will practically always be followed by
one state [...] because this one state’s enormous probability [...].
It is this probability [...] which is related to the entropy in the way
expressed by

S =
R
N

lnW + constant.

This equation is valid to an order of magnitude if each state Z is assigned
a small region of the order of magnitude of perceptible regions.

A. Einstein, 1910



One step backward: Einstein’s likelihood principle
Einstein – Annalen der Physik 33, pp. 1105-1115 (1910).

On the basis of his analysis, Einstein introduced the likelihood function for a
system A

w(A) ∝ eS(A),

requiring that, in the case of statistical independence,

w(A ∪ B) = w(A)w(B).

In the case of Boltzmann–Gibbs entropy, the validity of the relation above is
guaranteed.

Can we reformulate Einstein’s likelihood principle for general composable entropies?



Composability is compatible with Einstein’s principle
Sicuro, Tempesta – Physical Review E 93, 040101(R) (2016)

The answer is yes, with the following recipe.

Generalized likelihood function

Let S be a composable entropy with group law generated by F. For a system A,
we introduce the generalized likelihood function as follows:

w(A) := eI(A) = eS(A)F , exF := eF(x).

For two statistically independent systems

w(A ∪ B) = w(A)w(B),

as prescribed by Einstein.



Conclusions

The composability axiom, in addition to the �rst three Shannon–Khinchin
axioms, allows the classi�cation of entropies.
In�nite many entropies are allowed if no additional requirements are
imposed.
Boltzmann–Gibbs entropy and Tsallis’ entropy are the only trace-form
composable entropies.
To each composable entropy we can always associate an additive
information measure.
The composability axiom is compatible with Einstein’s likelihood principle.



Thank you for your attention!
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